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Within the t-J model, the heat transport of the doped two-leg ladder material Sr14−xCaxCu24O41 is
studied in the doped regime where superconductivity appears under pressure in low temperatures.
The energy dependence of the thermal conductivity κc(ω) shows a low-energy peak, while the
temperature dependence of the thermal conductivity κc(T ) is characterized by a broad band. In
particular, κc(T ) increases monotonously with increasing temperature at low temperatures T <
0.05J , and is weakly temperature dependent in the temperature range 0.05J < T < 0.1J , then
decreases for temperatures T > 0.1J , in qualitative agreement with experiments. Our result also
shows that although both dressed holons and spinons are responsible for the thermal conductivity,
the contribution from the dressed spinons dominates the heat transport of Sr14−xCaxCu24O41.
74.25.Fy,74.62.Dh,74.72.Jt
In recent years the
two-leg ladder material Sr14Cu24O41 has attracted great
interest since its ground state may be a spin liquid state
with a finite spin gap1. This spin liquid state may play
a crucial role in superconductivity of doped cuprates as
emphasized by Anderson2. When carriers are doped into
Sr14Cu24O41, such as the isovalent substitution of Ca for
Sr, a metal-insulator transition occurs1,3,4, and further,
this doped two-leg ladder material Sr14−xCaxCu24O41 is
a superconductor under pressure in low temperatures3,4.
Apart from the observation of superconductivity under
pressure in Sr14−xCaxCu24O41, the particular geometri-
cal arrangement of the Cu ions provides a playground
for magnetic and transport studies of low-dimensional
strongly correlated materials1. All cuprate supercon-
ductors found up now contain square CuO2 planes
5,
whereas Sr14−xCaxCu24O41 consists of two-leg ladders
of other Cu ions and edge-sharing CuO2 chains
1,3,4, and
is the only known superconducting copper oxide with-
out a square lattice. Experimentally, it has been shown
by virtue of the nuclear magnetic resonance and nu-
clear quadrupole resonance, particularly inelastic neu-
tron scattering measurements that there is a region of
parameter space and doping where Sr14−xCaxCu24O41
in the normal state is an antiferromagnet with commen-
surate short-range order1,6,7. Moreover, transport mea-
surements on Sr14−xCaxCu24O41 in the same region of
parameter space and doping indicate that the resistivity
is linear with temperatures4, one of the hallmarks of the
exotic normal state properties found in doped cuprates on
a square lattice5. These unusual normal state properties
do not fit in the conventional Fermi-liquid theory8, and
may be interpreted within the framework of the charge-
spin separation2, where the electron is separated into a
neutral spinon and a charged holon, then the basic exci-
tations of the system are not fermionic quasiparticles as
in other conventional metals with charge, spin and heat
all carried by one and the same particles.
The heat transport is one of the basic transport proper-
ties that provide a wealth of useful information on carri-
ers and phonons as well as their scattering processes9–12.
In the conventional metals, the thermal conductivity con-
tains both contributions from carriers and phonons9. The
phonon contribution to the thermal conductivity is al-
ways present in the conventional metals, while the mag-
nitude of the carrier contribution depends on the type
of material because it is directly proportional to the
free carrier density. For the underdoped cuprates on a
square lattice, the phonon contribution to the thermal
conductivity is strongly suppressed13,14. Recently, an
unusual contribution to the thermal conductivity of the
doped two-leg ladder material Sr14−xCaxCu24O41 has
been observed10–12. It has been argued that this unusual
contribution may be due to an energy transport via mag-
netic excitations10,15, and therefore can not be explained
within the conventional models of phonon heat trans-
port based on phonon-defect scattering or conventional
phonon-electron scattering. In particular, in the doped
regime where superconductivity appears under pressure
in low temperatures, this unusual contribution domi-
nates the thermal conductivity of Sr14−xCaxCu24O41.
This is a challenge issue since it is closely related to
the doped Mott insulating state that forms the basis
for superconductivity1. We16 have developed a charge-
spin separation fermion-spin theory to study the phys-
ical properties of doped Mott insulators, where the
electron operator is decoupled as the gauge invariant
dressed holon and spinon. Within this theory, we17,18
have discussed charge transport and spin response of
Sr14−xCaxCu24O41. It has been shown that the charge
transport is mainly governed by the scattering from the
dressed holons due to the dressed spinon fluctuation,
1
while the scattering from the dressed spinons due to the
dressed holon fluctuation dominates the spin response16.
In this paper, we apply this successful approach to discuss
the heat transport of Sr14−xCaxCu24O41. Within the t-J
model, we show that although both dressed holons and
spinons are responsible for the heat transport, the contri-
bution from the dressed spinons dominates the thermal
conductivity of Sr14−xCaxCu24O41 in the doped regime
where superconductivity appears under pressure in low
temperatures.
The two-leg ladder is defined as two parallel chains
of ions, with bonds among them so that the interchain
coupling is comparable in strength to the couplings along
the chains, while the coupling between the two chains
that participates in this structure is through rungs1. It
has been argued that the essential physics of the doped
two-leg ladder antiferromagnet is contained in the two-
leg ladder, and can be effectively described by the t-J
model1,
H = −t‖
∑
iηˆaσ
C†iaσCi+ηˆaσ − t⊥
∑
iσ
(C†i1σCi2σ + C
†
i2σCi1σ)
− µ
∑
iaσ
C†iaσCiaσ
+ J‖
∑
iηˆa
Sia · Si+ηˆa + J⊥
∑
i
Si1 · Si2, (1)
supplemented by a single occupancy local constraint∑
σ C
†
iaσCiaσ ≤ 1, where ηˆ = ±c0xˆ, c0 is the lattice con-
stant of the two-leg ladder lattice, which is set as unity
hereafter, i runs over all rungs, σ(=↑, ↓) and a(= 1, 2) are
spin and leg indices, respectively, C†iaσ (Ciaσ) is the elec-
tron creation (annihilation) operator, Sia = C
†
ia~σCia/2 is
the spin operator with ~σ = (σx, σy, σz) as the Pauli ma-
trices, and µ is the chemical potential. In the materials
of interest3,6, the exchange coupling J‖ along the legs is
close to the exchange coupling J⊥ across a rung, and the
same is true of the hopping t‖ along the legs and the rung
hopping strength t⊥. Therefore in the following discus-
sions, we will work with the isotropic system J⊥ = J‖ =
J , t⊥ = t‖ = t. The strong electron correlation in the
t-J model manifests itself by the single occupancy local
constraint, and thus the crucial requirement is to impose
this local constraint. This local constraint can be treated
properly within the charge-spin separation fermion-spin
theory16, Cia↑ = h
†
ia↑S
−
ia, Cia↓ = h
†
ia↓S
+
ia, where the
spinful fermion operator hiaσ = e
−iΦiσhia describes the
charge degree of freedom together with some effects of the
spinon configuration rearrangements due to the presence
of the hole itself (dressed holon), while the spin operator
Sia describes the spin degree of freedom (dressed spinon),
then the electron local constraint for the single occu-
pancy,
∑
σ C
†
iaσCiaσ = S
+
iahia↑h
†
ia↑S
−
ia+S
−
iahia↓h
†
ia↓S
+
ia =
hiah
†
ia(S
+
iaS
−
ia + S
−
iaS
+
ia) = 1 − h
†
iahia ≤ 1, is satis-
fied in analytical calculations, and the double spinful
fermion occupancy, h†iaσh
†
ia−σ = e
iΦiσh†iah
†
iae
iΦi−σ = 0,
hiaσhia−σ = e
−iΦiσhiahiae
−iΦi−σ = 0, are ruled out au-
tomatically. It has been emphasized that this dressed
holon hiaσ is a spinless fermion hia incorporated a spinon
cloud e−iΦiσ (magnetic flux), and then is a magnetic
dressing. In other words, the gauge invariant dressed
holon carries some spinon messages, i.e., it shares its non-
trivial spinon environment19. Although in common sense
hiaσ is not a real spinful fermion, it behaves like a spin-
ful fermion. In this charge-spin separation fermion-spin
representation, the low-energy behavior of the t-J ladder
(1) can be expressed as16,
H = t
∑
iηˆa
(h†i+ηˆa↑hia↑S
+
iaS
−
i+ηˆa + h
†
i+ηˆa↓hia↓S
−
iaS
+
i+ηˆa)
+ t
∑
i
(h†i2↑hi1↑S
+
i1S
−
i2 + h
†
i2↓hi1↓S
−
i1S
+
i2)
+ µ
∑
iaσ
h†iaσhiaσ
+ Jeff
∑
iηˆa
Sia · Si+ηˆa + Jeff
∑
i
Si1 · Si2, (2)
with Jeff = J(1 − δ)
2, and δ = 〈h†iaσhiaσ〉 = 〈h
†
iahia〉
is the hole doping concentration. In this case, the ki-
netic part has been expressed as the dressed holon-spinon
interaction, and therefore reflect a competition between
the kinetic energy and magnetic energy. This compe-
tition dominates the essential physics since the dressed
holon and spinon self-energies are ascribed purely to the
dressed holon-spinon interaction.
Now we follow the linear response theory20, and obtain
the thermal conductivity along the ladder,
κc(ω, T ) = −
1
T
ImΠQ(ω, T )
ω
, (3)
with ΠQ(ω, T ) is the heat current-current correlation
function, and is defined as,
ΠQ(τ − τ
′) = −〈TτjQ(τ)jQ(τ
′)〉, (4)
where τ and τ ′ are the imaginary times and Tτ is the
τ order operator, while the heat current density is ob-
tained within the t-J ladder Hamiltonian (2) by using
Heisenberg’s equation of motion as,
jQ = i
∑
i,j
∑
a,b
Rjb[Hia, Hjb] = j
(h)
Q + j
(s)
Q , (5a)
j
(h)
Q = −i(χ‖t)
2
∑
iηˆηˆ′aσ
ηˆh†i+ηˆ+ηˆ′aσhiaσ
+ iχ‖χ⊥t
2
∑
iηˆσ
[(Ri2 −Ri1 − ηˆ)h
†
i+ηˆ1σhi2σ
− (Ri2 −Ri1 + ηˆ)h
†
i+ηˆ2σhi1σ]
− iµχ‖t
∑
iηˆaσ
ηˆh†i+ηˆaσhiaσ
+ iµχ⊥t
∑
iσ
(Ri2 −Ri1)(h
†
i1σhi2σ − h
†
i2σhi1σ)
2
+ i(χ⊥t)
2
∑
iσ
(Ri2 −Ri1)(h
†
i2σhi2σ − h
†
i1σhi1σ), (5b)
j
(s)
Q = i
1
2
ǫ‖J
2
eff
∑
iηˆηˆ′a
(ηˆ′ − ηˆ)
[ ǫ‖S
z
ia(S
+
i+ηˆ′aS
−
i+ηˆa − S
−
i+ηˆ′aS
+
i+ηˆa)
− Szi+ηˆ′a(S
+
iaS
−
i+ηˆa − S
−
iaS
+
i+ηˆa)
+ (S+iaS
−
i+ηˆ′a − S
−
iaS
+
i+ηˆ′a)S
z
i+ηˆa]
+ i
1
2
J2eff
∑
iηˆ
{ηˆǫ‖ǫ⊥[S
z
i1(S
+
i+ηˆ1S
−
i2 − S
+
i2S
−
i+ηˆ1)
+ Szi2(S
+
i+ηˆ2S
−
i1 − S
+
i1S
−
i+ηˆ2)]
+ ηˆǫ‖[S
z
i1(S
+
i2S
−
i+ηˆ2 − S
−
i2S
+
i+ηˆ2)
+ Szi2(S
+
i1S
−
i+ηˆ1 − S
−
i1S
+
i+ηˆ1)]
+ ηˆǫ⊥[(S
z
i+ηˆ1 − S
z
i+ηˆ2)(S
+
i2S
−
i1 − S
+
i1S
−
i2)]
+ (Ri2 −Ri1)ǫ‖[S
z
i1(S
+
i2S
−
i+ηˆ2 − S
−
i2S
+
i+ηˆ2)
− Szi2(S
+
i1S
−
i+ηˆ1 − S
−
i1S
+
i+ηˆ1)]
+ 2(Ri2 −Ri1)ǫ‖ǫ⊥[S
z
i1S
+
i2S
−
i+ηˆ1 − S
z
i2S
+
i1S
−
i+ηˆ2]
+ 2(Ri2 −Ri1)ǫ⊥[S
z
i+ηˆ2S
+
i1S
−
i2 − S
z
i+ηˆ1S
+
i2S
−
i1]}
+ i
1
4
ǫ⊥
2J2eff
∑
i
(Ri2 −Ri1)(S
+
i1S
−
i1 − S
+
i2S
−
i2), (5c)
where Ri1 and Ri2 are lattice sites of leg 1 and leg 2,
respectively, ǫ‖ = 1 + 2tφ‖/Jeff , ǫ⊥ = 1 + 4tφ⊥/Jeff , the
dressed spinon correlation functions χ‖ = 〈S
+
aiS
−
ai+ηˆ〉,
χ⊥ = 〈S
+
1iS
−
2i〉, and the dressed holon particle-hole or-
der parameters φ‖ = 〈h
†
aiσhai+ηˆσ〉, φ⊥ = 〈h
†
1iσh2iσ〉.
Although the total heat current density jQ has been
separated into two parts j
(h)
Q and j
(s)
Q , with j
(h)
Q is the
dressed holon heat current density, and j
(s)
Q is the dressed
spinon heat current density, the strong correlation be-
tween dressed holons and spinons is still included self-
consistently through the dressed spinon’s order parame-
ters entering in the dressed holon’s propagator, and the
dressed holon’s order parameters entering in the dressed
spinon’s propagator. In this case, the heat current-
current correlation function of the two-leg ladder system
can be obtained in terms of the full dressed holon and
spinon Green’s functions gσ(k, ω) and D(k, ω). Because
there are two coupled t-J chains in the two-leg ladder
system, the energy spectrum has two branches. There-
fore the one-particle dressed holon and spinon Green’s
functions are matrices and can be expressed as gσ(i −
j, τ − τ ′) = gLσ(i − j, τ − τ
′) + σxgTσ(i − j, τ − τ
′) and
D(i− j, τ − τ ′) = DL(i− j, τ − τ
′) + σxDT (i− j, τ − τ
′),
respectively, where the longitudinal and transverse parts
are defined as gLσ(i− j, τ − τ
′) = −〈Tτhiaσ(τ)h
†
jaσ(τ
′)〉,
DL(i − j, τ − τ
′) = −〈TτS
+
ia(τ)S
−
ja(τ
′)〉 and gTσ(i −
j, τ − τ ′) = −〈Tτhiaσ(τ)h
†
ja′σ(τ
′)〉, DT (i − j, τ − τ
′) =
−〈TτS
+
ia(τ)S
−
ja′ (τ
′)〉, with a′ 6= a. Following the discus-
sions of the charge transport17, we can obtain the thermal
conductivity of the doped two-leg ladder antiferromagnet
as,
κc(ω, T ) = κ
(h)
c (ω, T ) + κ
(s)
c (ω, T ), (6a)
κ(h)c (ω, T ) = −
1
N
∑
kσ
∫ ∞
−∞
dω′
2π
× {Λh1[A
(hσ)
T (k, ω
′ + ω)A
(hσ)
T (k, ω
′)
+ A
(hσ)
L (k, ω
′ + ω)A
(hσ)
L (k, ω
′)]
+ Λh2[A
(hσ)
T (k, ω
′ + ω)A
(hσ)
L (k, ω
′)
+ A
(hσ)
L (k, ω
′ + ω)A
(hσ)
T (k, ω
′)]
+ Λh3[A
(hσ)
T (k, ω
′ + ω)A
(hσ)
T (k, ω
′)
− A
(hσ)
L (k, ω
′ + ω)A
(hσ)
L (k, ω
′)]}
×
nF (ω
′ + ω)− nF (ω
′)
Tω
, (6b)
κ(s)c (ω, T ) = −
1
2N
∑
k
∫ ∞
−∞
dω′
2π
× {Λs1[A
(s)
L (k, ω
′ + ω)A
(s)
L (k, ω
′)
+ A
(s)
T (k, ω
′ + ω)A
(s)
T (k, ω
′)]
+ Λs2[A
(s)
L (k, ω
′ + ω)A
(s)
T (k, ω
′)
+ A
(s)
T (k, ω
′ + ω)A
(s)
L (k, ω
′)]
+ Λs3[A
(s)
L (k, ω
′ + ω)A
(s)
L (k, ω
′)
− A
(s)
T (k, ω
′ + ω)A
(s)
T (k, ω
′)]}
×
nB(ω
′ + ω)− nB(ω
′)
Tω
, (6c)
where κ
(h)
c (ω, T ) and κ
(s)
c (ω, T ) are the corresponding
contributions from dressed holons and spinons, respec-
tively, N is the number of rungs, and
Λh1 = (Zχ‖t)
2γ2sk[(Zχ‖tγk + µ)
2 + (χ⊥t)
2], (7a)
Λh2 = 2(Zχ‖t)
2γ2sk(Zχ‖tγk + µ)(χ⊥t), (7b)
Λh3 = −(χ⊥t)
2[(Zχ‖tγk + µ)
2 − (χ⊥t)
2], (7c)
Λs1 = 2γ
2
skJ
4
effZ
2{[2Zǫ‖(ǫ‖χ‖ + C‖ − 2χ‖γk)
+ ǫ⊥(ǫ‖χ⊥ + C⊥)]
2 + (ǫ‖χ⊥ + ǫ⊥χ‖)
2}, (7d)
Λs2 = −4γ
2
skJ
4
effZ
2
{ 2Zǫ‖(ǫ‖χ⊥ + ǫ⊥χ‖)(ǫ‖χ‖ + C‖ − 2χ‖γk)
+ ǫ⊥(ǫ‖χ⊥ + C⊥)(ǫ‖χ⊥ + ǫ⊥χ‖)}, (7e)
Λs3 = −2J
4
eff{[
1
4
ǫ2⊥
+ Zǫ⊥((ǫ‖χ⊥ − C⊥)γk + (ǫ‖C⊥ − χ⊥))]
2
− Z2[(ǫ‖χ⊥ + ǫ⊥χ‖)γk − ǫ‖(ǫ⊥χ‖ + C⊥)]
2}, (7f)
with γ2sk = sin
2kx, γk = coskx, Z is the coor-
dination number within the leg, the dressed spinon
correlation functions C‖ = (1/Z
2)
∑
ηˆηˆ′
〈S+ai+ηˆS
−
ai+ηˆ′
〉,
C⊥ = (1/Z)
∑
ηˆ〈S
+
2iS
−
1i+ηˆ〉, nF (ω) and nB(ω) are
3
the fermion and boson distribution functions, respec-
tively, and the longitudinal and transverse spectral
functions of the dressed holon and spinon are ob-
tained as A
(hσ)
L (k, ω) = −2ImgLσ(k, ω), A
(s)
L (k, ω) =
−2ImDL(k, ω) and A
(hσ)
T (k, ω) = −2ImgTσ(k, ω),
A
(s)
T (k, ω) = −2ImDT (k, ω), respectively, where
the full dressed holon and spinon Green’s func-
tions have been obtained in Refs.17,18, and are ex-
pressed as, g−1σ (k, ω) = g
(0)−1
σ (k, ω) − Σ(h)(k, ω) and
D−1(k, ω) = D(0)−1(k, ω) − Σ(s)(k, ω), with the lon-
gitudinal and transverse mean-field dressed holon and
spinon Green’s functions g
(0)
Lσ(k, ω) = 1/2
∑
ν 1/(ω −
ξ
(ν)
k ), D
(0)
L (k, ω) = 1/2
∑
ν B
(ν)
k /(ω
2 − (ω
(ν)
k )
2) and
g
(0)
Tσ(k, ω) = 1/2
∑
ν(−1)
ν+1/(ω − ξ
(ν)
k ), D
(0)
T (k, ω) =
1/2
∑
ν(−1)
ν+1B
(ν)
k /(ω
2 − (ω
(ν)
k )
2), where ν = 1, 2, and
the longitudinal and transverse second-order dressed
holon and spinon self-energies are obtained by the loop
expansion to the second-order17,18 as,
Σ
(h)
L (k, ω) = (
t
N
)2
∑
pq
∑
νν′ν′′
Ξ
(h)
νν′ν′′(k, p, q, ω), (8a)
Σ
(h)
T (k, ω) = (
t
N
)2
∑
pq
∑
νν′ν′′
(−1)ν+ν
′+ν′′+1Ξ
(h)
νν′ν′′ (k, p, q, ω), (8b)
Σ
(s)
L (k, ω) = (
t
N
)2
∑
pq
∑
νν′ν′′
Ξ
(s)
νν′ν′′(k, p, q, ω), (8c)
Σ
(s)
T (k, ω) = (
t
N
)2
∑
pq
∑
νν′ν′′
(−1)ν+ν
′+ν′′+1Ξ
(s)
νν′ν′′ (k, p, q, ω), (8d)
respectively, where Ξ
(h)
νν′ν′′(k, p, q, ω) and
Ξ
(s)
νν′ν′′(k, p, q, ω) are given by,
Ξ
(h)
νν′ν′′(k, p, q, ω) =
B
(ν′)
q+pB
(ν)
q
32ω
(ν′)
q+pω
(ν)
q
1
2
{[Zγq+p+k + (−1)
ν+ν′′ ]2
+ [Zγq−k + (−1)
ν′+ν′′ ]2}
× (
F
(1)
νν′ν′′(k, p, q)
ω + ω
(ν′)
q+p − ω
(ν)
q − ξ
(ν′′)
p+k
+
F
(2)
νν′ν′′(k, p, q)
ω − ω
(ν′)
q+p + ω
(ν)
q − ξ
(ν′′)
p+k
+
F
(3)
νν′ν′′(k, p, q)
ω + ω
(ν′)
q+p + ω
(ν)
q − ξ
(ν′′)
p+k
+
F
(4)
νν′ν′′(k, p, q)
ω − ω
(ν′)
q+p − ω
(ν)
q − ξ
(ν′′)
p+k
), (9a)
Ξ
(s)
νν′ν′′(k, p, q, ω) =
B
(ν′′)
k+p
16ω
(ν′′)
k+p
{[Zγq+p+k + (−1)
ν+ν′′ ]2
+ [Zγq−k + (−1)
ν′+ν′′ ]2}
× (
Γ
(1)
νν′ν′′(k, p, q)
ω + ξ
(ν′)
p+q − ξ
(ν)
q − ω
(ν′′)
k+p
−
Γ
(2)
νν′ν′′(k, p, q)
ω + ξ
(ν′)
p+q − ξ
(ν)
q + ω
(ν′′)
k+p
), (9b)
with B
(ν)
k = Bk−Jeff [χ⊥+2χ
z
⊥(−1)
ν ][ǫ⊥+(−1)
ν ], Bk =
λ[(2ǫ‖χ
z
‖ + χ‖)γk − (ǫ‖χ‖ + 2χ
z
‖)], λ = 2ZJeff , and
F
(1)
νν′ν′′ ( k, p, q) = nF (ξ
(ν′′)
p+k )[nB(ω
(ν)
q )− nB(ω
(ν′)
q+p)]
+ nB(ω
(ν′)
q+p)[1 + nB(ω
(ν)
q )] (10a)
F
(2)
νν′ν′′ ( k, p, q) = nF (ξ
(ν′′)
p+k )[nB(ω
(ν′)
q+p)− nB(ω
(ν)
q )]
+ nB(ω
(ν)
q )[1 + nB(ω
(ν′)
q+p)] (10b)
F
(3)
νν′ν′′ ( k, p, q) = nF (ξ
(ν′′)
p+k )[1 + nB(ω
(ν′)
q+p)
+ nB(ω
(ν)
q )] + nB(ω
(ν)
q )nB(ω
(ν′)
q+p) (10c)
F
(4)
νν′ν′′ ( k, p, q) = [1 + nB(ω
(ν)
q )][1 + nB(ω
(ν′)
q+p)]
− nF (ξ
(ν′′)
p+k )[1 + nB(ω
(ν′)
q+p) + nB(ω
(ν)
q )] (10d)
Γ
(1)
νν′ν′′ ( k, p, q) = nF (ξ
(ν′)
p+q)[1− nF (ξ
(ν)
q )]
− nB(ω
(ν′′)
k+p )[nF (ξ
(ν)
q )− nF (ξ
(ν′)
p+q)] (10e)
Γ
(2)
νν′ν′′ ( k, p, q) = nF (ξ
(ν′)
p+q)[1− nF (ξ
(ν)
q )]
+ [1 + nB(ω
(ν′′)
k+p )][nF (ξ
(ν)
q )− nF (ξ
(ν′)
p+q)], (10f)
and the mean-field dressed holon and spinon excitations,
ξ
(ν)
k = Ztχ‖γk + µ+ χ⊥t(−1)
ν+1, (11a)
ω
(ν)2
k = αǫ‖λ
2(
1
2
χ‖ + ǫ‖χ
z
‖)γ
2
k − ǫ‖λ
2[
1
2
α(
1
2
ǫ‖χ‖
+ χz‖) + α(C
z
‖ +
1
2
C‖) +
1
4
(1− α)]γk
−
1
2
αǫ⊥λJeff(C⊥ + ǫ‖χ⊥)γk + αλJeff(−1)
ν+1
[
1
2
(ǫ⊥χ‖ + ǫ‖χ⊥) + ǫ‖ǫ⊥(χ
z
⊥ + χ
z
‖)]γk
− αǫ‖λJeff(C
z
⊥ + χ
z
⊥)γk + λ
2[α(Cz‖ +
1
2
ǫ2‖C‖)
+
1
8
(1− α)(1 + ǫ2‖)−
1
2
αǫ‖(
1
2
χ‖ + ǫ‖χ
z
‖)]
+ αλJeff [ǫ‖ǫ⊥C⊥ + 2C
z
⊥] +
1
4
J2eff(ǫ
2
⊥ + 1)
−
1
2
ǫ⊥J
2
eff(−1)
ν+1 − αλJeff(−1)
ν+1[
1
2
ǫ‖ǫ⊥χ‖
+ ǫ⊥(χ
z
‖ + C
z
⊥) +
1
2
ǫ‖C⊥], (11b)
where the
dressed spinon correlation functions χz‖ = 〈S
z
aiS
z
ai+ηˆ〉,
χz⊥ = 〈S
z
1iS
z
2i〉, C
z
‖ = (1/Z
2)
∑
ηˆηˆ′
〈Szai+ηˆS
z
ai+ηˆ′
〉, and
4
Cz⊥ = (1/Z)
∑
ηˆ〈S
z
1iS
z
2i+ηˆ〉. In order to satisfy the sum
rule for the correlation function 〈S+aiS
−
ai〉 = 1/2 in the
absence of the antiferromagnetic long-range-order, a de-
coupling parameter α has been introduced in the mean-
field calculation, which can be regarded as the vertex
correction21. All the above mean-field order parameters,
decoupling parameter α, and chemical potential µ, have
been determined by the self-consistent calculation.
In the two-leg ladder material Sr14−xCaxCu24O41,
the most remarkable expression of the nonconventional
physics is found in the doped regime where the hole dop-
ing concentration on ladders at x = 8 ∼ 12 is correspond-
ing to δ = 0.16 ∼ 0.20 per Cu ladder1,3,4. In this doped
regime, superconductivity appears under pressure in low
temperatures, and the value of J‖ has been estimated
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FIG. 1. The thermal conductivity of the doped two-leg lad-
der material as a function of frequency at doping δ = 0.16
(solid line) and δ = 0.20 (dashed line) for parameter t/J = 2.5
with temperature T = 0.05J .
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FIG. 2. The thermal conductivity of the doped two-leg
ladder material as a function of temperature at doping
δ = 0.16 (solid line) and δ = 0.20 (dashed line) for pa-
rameter t/J = 2.5. Inset: the experimental result on
Sr14−xCaxCu24O41 with x = 12 taken from Ref.
10.
as J = J‖ ≈ 90 meV ≈ 1000K. Therefore in the fol-
lowing discussions, we focus on this doped regime. In
Fig. 1, we present the results of the thermal conductivity
κc(ω) in Eq. (6a) as a function of frequency at δ = 0.16
(solid line) and δ = 0.20 (dashed line) for t/J = 2.5 with
T = 0.05J . Although κc(ω) is not observable from exper-
iments, its features will have observable implications on
the observable κc(T ). Our results in Fig. 1 show that the
frequency dependence of the thermal conductivity spec-
trum is characterized by a rather sharp low-energy peak.
The position of this low-energy peak is doping dependent,
and is located at a finite energy ω ∼ 0.1t = 0.25J ≈ 23
meV. This low-energy peak is corresponding to the peak
observed in the conductivity spectrum22,17. Moreover,
we also find from the above calculations that although
both dressed holons and spinons are responsible for the
thermal conductivity κc(ω), the contribution from the
dressed spinons is much larger than that from the dressed
holons, i.e., κ
(s)
c (ω)≫ κ
(h)
c (ω), and therefore the thermal
conductivity of the doped two-leg ladder antiferromagnet
in the hole doped regime δ = 0.16 ∼ 0.20 is mainly de-
termined by its dressed spinon part κ
(s)
c (ω).
Now we turn to discuss the temperature dependence
of the thermal conductivity κc(T ), which is observable
from experiments and can be obtained from Eq. (6a) as
κc(T ) = limω→0 κc(ω, T ). The results of κc(T ) at δ =
0.16 (solid line) and δ = 0.20 (dashed line) for t/J = 2.5
are plotted in Fig. 2 in comparison with the correspond-
ing experimental results10 taken on Sr14−xCaxCu24O41
(inset), where the hole doping concentration on ladders
at x = 12 is δ = 0.20 per Cu ladder. The present results
indicate that the temperature dependence of the thermal
conductivity in the normal-state exhibits a broad band,
i.e., κc(T ) increases monotonously with increasing tem-
perature at low temperatures T < 0.05J ≈ 50K, and is
weakly temperature dependent in the temperature range
0.05J ≈ 50K< T <0.1J ≈ 100K, then decreases for tem-
peratures T > 0.1J ≈ 100K, in qualitative agreement
with the experimental data10. For T ≤ 0.01J ≈ 10K, the
system is a superconductor under pressure. In this case,
the thermal conductivity of the doped two-leg ladder an-
tiferromagnet is under investigation now.
In the above discussions, the central concern of the
heat transport in the doped two-leg ladder material
Sr14−xCaxCu24O41 is the charge-spin separation, then
the contribution from the dressed spinons dominates the
thermal conductivity. Since κ
(s)
c (ω, T ) in Eq. (6c) is
obtained in terms of the dressed spinon longitudinal
and transverse Green’s functions DL(k, ω) and DT (k, ω),
while these dressed spinon Green’s functions are eval-
uated by considering the second-order correction due to
the dressed holon pair bubble, then the observed unusual
frequency and temperature dependence of the thermal
conductivity spectrum of the doped two-leg ladder anti-
ferromagnet is closely related to the commensurate spin
response4,18. The dynamical spin structure factor of the
doped two-leg ladder antiferromagnet has been obtained
5
within the charge-spin separation fermion-spin theory18
in terms of the full dressed spinon longitudinal and trans-
verse Green’s functions as,
S(k, ω) = −2[1 + nB(ω)][2ImDL(k, ω) + 2ImDT (k, ω)]
= [1 + nB(ω)][A
(s)
L (k, ω) +A
(s)
T (k, ω)]
= −
4[1 + nB(ω)](B
(1)
k )
2ImΣ
(s)
LT (k, ω)
[W (k, ω)]2 + [B
(1)
k ImΣ
(s)
LT (k, ω)]
2
, (12a)
W (k, ω) = ω2 − (ω
(1)
k )
2 −B
(1)
k ReΣ
(s)
LT (k, ω), (12b)
where ImΣ
(s)
LT (k, ω) = ImΣ
(s)
L (k, ω) + ImΣ
(s)
T (k, ω),
ReΣ
(s)
LT (k, ω) = ReΣ
(s)
L (k, ω) + ReΣ
(s)
T (k, ω), while
ImΣ
(s)
L (k, ω) (ImΣ
(s)
T (k, ω))
and ReΣ
(s)
L (k, ω) (ReΣ
(s)
T (k, ω)) are the imaginary and
real parts of the second order longitudinal (transverse)
spinon self-energy in Eqs. (8c) and (8d). The renormal-
ized spin excitation E2k = (ω
(1)
k )
2 + B
(1)
k ReΣ
(s)
LT (k,Ek)
in S(k, ω) is doping, energy, and interchain coupling de-
pendent. In the two-leg ladder system, the quantum in-
terference effect between the chains manifests itself by
the interchain coupling, i.e., the quantum interference
increases with increasing the strength of the interchain
coupling. In the materials of interest, J⊥ ∼ J‖ and
t⊥ ∼ t‖, we have shown in detail in Ref.
18, the dynam-
ical spin structure factor in Eq. (12) has a well-defined
resonance character, where S(k, ω) exhibits the commen-
surate peak when the incoming neutron energy ω is equal
to the renormalized spin excitation Ek, i.e., W (kc, ω) ≡
[ω2 − (ω
(1)
kc
)2 −B
(1)
kc
ReΣ
(s)
LT (kc, ω)]
2 = (ω2−E2kc)
2 ∼ 0 at
antiferromagnetic wave vectors kAF, then the height of
this commensurate peak is determined by the imaginary
part of the spinon self-energy 1/ImΣ
(s)
LT (kc, ω). Since the
incoming neutron resonance energy ωr = Ek is finite
18,
then there is a spin gap in the system. This spin gap
leads to that the low-energy peak in κc(ω) is located at a
finite energy ωpeak ≈ 23meV. This anticipated spin gap
∆S ≈ 23 meV is not too far from the spin gap ≈ 32 meV
observed6 in Sr14−xCaxCu24O41. Therefore the com-
mensurate spin fluctuation of the doped two-leg ladder
material Sr14−xCaxCu24O41 is responsible for the heat
transport, in other words, the energy transport via mag-
netic excitations dominates the thermal conductivity10.
Based on the simple theoretical estimate11, the large
thermal conductivity observed in the two-leg ladder ma-
terial Sr14Cu24O41 has been interpreted in terms of the
magnetic excitations in the system11. Our present expla-
nation is also consistent with theirs11.
To conclude we have discussed the heat transport of
the two-leg ladder material Sr14−xCaxCu24O41 within
the t-J ladder in the doped regime where superconduc-
tivity appears under pressure in low temperatures. It is
shown that the energy dependence of the thermal con-
ductivity spectrum κc(ω) shows a low-energy peak, and
the position of this low-energy peak is doping dependent,
and is located at a finite energy. The temperature depen-
dence of the thermal conductivity κc(T ) is characterized
by a broad band. κc(T ) increases monotonously with
increasing temperature at low temperatures T < 0.05J ,
and is weakly temperature dependent in the tempera-
ture range 0.05J < T < 0.1J , then decreases for tem-
peratures T > 0.1J . Our result of the temperature de-
pendence of the thermal conductivity is in qualitative
agreement with the major experimental observations of
Sr14−xCaxCu24O41 in the normal-state
10. Our result also
shows that although both dressed holons and spinons are
responsible for the thermal conductivity, the contribution
from the dressed spinons dominates the heat transport.
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